BUILDING BLOCKS OF ETALE ENDOMORPHISMS OF COMPLEX 

PROJECTIVE MANIFOLDS 



NOBORU NAKAYAMA AND DE-QI ZHANG 

Abstract. Etale endomorphisms of complex projective manifolds are constructed from 
two building blocks up to isomorphism if the good minimal model conjecture is true. 
They are the endomorphisms of abelian varieties and the nearly etale rational endomor- 
phisms of weak Calabi-Yau varieties. 

1. Introduction 

We work over the field C of complex numbers. In this paper, we shall give a systematic 
study of etale endomorphisms of nonsingular projective varieties. The etaleness assump- 
tion is quite natural because every surjective endomorphism of X is etale provided that 
X is a nonsingular projective variety and is non-uniruled (cf. Remark II .11 below). In the 
study of birational classification of algebraic varieties, we usually have the following three 
reductions, where k denotes the Kodaira dimension and q the irregularity: 

(A) Varieties of k > =>- varieties of k = 0, by the Iitaka fibration. 

(B) Varieties of k = =>- abelian varieties and varieties with k = q = 0, by the 
Albanese map. 

(C) Uniruled varieties =>- non-uniruled varieties, by the maximal rationally connected 
fibration (cf. [HI] and [H]). 

We want to show that there are similar reductions in the study of etale endomorphisms 
of nonsingular projective varieties. Theorems A, B, and C below correspond to the 
reductions (A), (B), and (C), respectively. See [57] for the case of automorphisms. 

1.1. The reduction (A). This reduction is based on the Iitaka fibration. Let X be a 
nonsingular projective variety with k(X) > and /: X — > X a surjective morphism. 
From a standard argument of pluricanonical systems, we infer that / induces a bira- 
tional automorphism g of the base space Y of the Iitaka fibration X >Y. Theorem 

A below shows that the order of g is finite. This was conjectured in several papers (cf. 
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[U Proposition 6.4], [2H Proposition 3.7]). Theorem A treats not only holomorphic sur- 
jective endomorphisms of projective varieties of k > but also dominant meromorphic 
endomorphisms of compact complex manifolds of k > in the class C in the sense of 
Fujiki [18]. Note that a compact complex manifold is in the class C if and only if it is 
bimeromorphic to a compact Kahler manifold (cf. [53]). 

Theorem A. Let X be a compact complex manifold in the class C of k(X) > 1 and 

let f: X >X be a dominant meromorphic map. Let W m be the image of the m-th 

pluricanonical map 

$ m : X-^\mK x \ v = ¥(R°(X,mK x )) 

for a positive integer m with \mKx\ ^ 0- Then there is an automorphism g of W m of 
finite order such that $ m o / = g o $ m . 

Remark. (1) If / is holomorphic, then, resolving the indeterminacy locus of $ m , we 
may assume that both / : X — > X and $ m : X — > W m are holomorphic so that 
$m ° / = 9 ° 3>m- This is because / is etale and we can take an equivariant 
resolution (in the sense of Section 11.41 below) of the graph of Iitaka fibration (cf. 
the proof of Lemma 15.2ft . 
(2) Theorem A is known to be true by Deligne and Nakamura-Ueno when X is Moishe- 
zon and / is a bimeromorphic automorphism (cf. [52} Theorem 14.10], |47j ) . 

1.2. The reduction (B). For a compact Kahler manifold M with ci(M)r = 0, we have 
a finite etale cover M — > M such that M ~ T x F for a complex torus T and a simply 
connected manifold F with c\(F) = 0, by Bogomolov's decomposition theorem (cf. [8], 
[1]). For a normal projective variety V with only canonical singularities and with torsion 
Ky, we have the following weak decomposition by Kawamata [33l Corollary 8.4]: There 
exists a finite etale covering F x A V for a weak Calabi- Yau variety F and an abelian 
variety A. Here, a normal projective variety F is called weak Calabi-Yau if F has only 
canonical singularities, Kp ~q 0, and 

g max (F) := max{g(F') | F' -> F is finite etale} = 

(cf. Section T4.ip . If F is a nonsingular weak Calabi-Yau variety, then iti{F) is finite by 
Bogomolov's decomposition theorem, so a finite etale cover of F is expressed as a product 
of holomorphic symplectic manifolds and Calabi-Yau manifolds. 

In order to study the surjective endomorphisms of a nonsingular projective variety X 
with k(X) = 0, we assume the existence of a good minimal model V of X; but we allow 
the variety V to have canonical singularities as in [33] . Then it has a meaning to consider 
the reduction of the endomorphisms to those of weak Calabi-Yau varieties F and those 
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of abelian varieties A by an etale covering F x A — > V. Unfortunately, a holomorphic 

surjective endomorphism of X induces only a rational map V >V, but it satisfies the 

condition of nearly etale map, which is introduced in Section [3j Therefore, Theorem B 
below is meaningful for the reduction of type (B): 



Theorem B. Let V be a normal projective variety with only canonical singularities such 

that Ky ~q 0. Let h: V >V be a dominant rational map which is nearly etale. Then 

there exist an abelian variety A, a weak Calabi-Yau variety F, a finite etale morphism 

t: F x A — > V, a nearly etale dominant rational map pp\ F >F, and a finite etale 

morphism (p^: A — > A such that r o (p F x p A ) = h o r, i.e., the diagram below is 
commutative: 

F x A W Fx A 

v - h -^ v. 



Remark. (1) By the proof, the commutative diagram above is birationally Cartesian. 
(2) If the algebraic fundamental group 7rf g (F) is finite, then <pp is a birational auto- 
morphism (cf. Section POl) . In particular, if V has only terminal singularities and 
g max (V) = dimV — 2, then (pp is an automorphism, since F is a K3 surface or an 
Enriques surface. 



1.3. The reduction (C). Let X be a uniruled nonsingular projective variety. A max- 
imal rationally connected fibration of X in the sense of [10J and (10] is obtained by a 

certain rational map X > Chow(X) into the Chow variety Chow(X), which assigns a 

general point x G X a maximal rationally connected subvariety containing x. Let Y be 

the normalization of the image of X > Chow(X) and let 7r: X >Y be the induced 

rational fibration. Assume that X admits an etale endomorphism / : X — > X. Then there 
is an endomorphism h: Y — > Y such that ir o f = h o tt (cf. Lemma r5.2l) . Since rationally 
connected manifolds are simply connected, the endomorphism / is induced from h. In 
Theorem C below, we shall show that h is nearly etale. 



Theorem C. Let X be a projective manifold with an etale endomorphism f. Assume 
that X is uniruled. Then there exist a projective manifold M with an etale endomor- 
phism /jvf : M — > M , a non-uniruled normal projective variety Y with a nearly etale en- 
domorphism h:Y—*Y, a birational morphism fi: M — > X, and a surjective morphism 
7r : M — > Y such that 
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(1) 7T o f M = h o 7T, /jo f M = f o \i } i.e., the diagram below is commutative: 



Y ^— M — X 



h 



ft 



f 



Y M —!=-*■ X, 

(2) deg / = deg f M = deg h, 

(3) 7To/i -1 : X >M ^Y is birational to the maximal rationally connected fibration 

ofX. 

Remark. 

(1) h~ 1 (Y Tgib ) = y rat and the restriction Y iajt — > F rat of h is etale for the open subset 
Y Tat C Y consisting of the smooth points and the points of rational singularity, by 
Proposition 13.111 and Proposition 13. 10} ([2]) • 

(2) If Y has the relative canonical model Y can for resolutions of singularities of Y, 
then, by Lemma [3~8l h lifts to an etale endomorphism of Y" can and also to an etale 
endomorphism of a certain resolution Y' of singularities of Y . The recent paper [5J 
has announced a proof of the existence of minimal models of varieties of general 
type even in a relative setting. The existence of the relative canonical model Y" can 
follows from the result. 

1.4. Equivariant resolutions. Let V be a normal projective complex variety and /: V 
— > V an etale endomorphism. Then there exists a resolution \x: X — > V of singularities 

such that the induced rational map fi~ 1 ofofi: X —>■ V — > V >X is a, holomorphic etale 

endomorphism of X. This is known as the existence theorem of an equivariant resolution 
when / is an automorphism. However, the proof is also effective for non-isomorphic etale 
endomorphisms: A method of resolution of singularities is called to have a functoriality 
if, for any smooth morphism X — > Y, and for the resolutions of singularities X' — > X and 
Y' — > Y given by the method, X' is isomorphic to the fiber product X x Y Y'. The recent 
methods by Bierstone-Milman and by Villamayor using the notion of invariant have the 
functoriality (cf. [B], [Hj, [T3], [53], [35]). Therefore, we call the resolution X — > V above 
also an equivariant resolution even if / is a non-isomorphic etale endomorphism of V. 

1.5. The meaning of our reduction. Let X be a nonsingular projective variety with 
an etale endomorphism /. 

First, assume that X is uniruled. In view of Theorem C, / is considered to be built from 
a nearly etale endomorphism h of a non-uniruled normal variety Y up to isomorphism. 
Further, we can replace Y with a nonsingular variety and h with an etale endomorphism, 
provided that the minimal model conjecture is true for varieties birational to Y. 
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It is conjectured that a projective variety X is non-uniruled if and only if k(X) > 0. 
This is regarded as a weak version of the abundance conjecture, and the three-dimensional 
case is proved by Miyaoka [13] , which is a key to the proof of the three-dimensional abun- 
dance conjecture by [S] and [HI]. The good minimal model conjecture is the combination 
of the minimal model conjecture and the abundance conjecture. Thus, under the assump- 
tion of good minimal model conjecture, the study of etale endomorphisms is reduced to 
that of etale endomorphisms of varieties of k > 0. 

Remark 1.1. A surjective endomorphism of a non-uniruled projective manifold X is etale. 
This follows from [30, Theorem 2] in the case of k{X) > (cf. [HH Theorem 11.7]). 
Fujimoto [201 Lemma 2.3] gives another proof in the same case. The proof also works in 
the case where KxH n ~ l > for any ample divisor H of X; this condition is satisfied if 
X is not uniruled by Miyaoka-Mori's criterion [45] . Thus, the etaleness for non-uniruled 
manifolds follows. 

Second, assume that k{X) > 0. Then we have the Iitaka fibration $: X >Y. By 

Theorem A, / induces a birational automorphism g of Y of finite order. Replacing X with 
a birational model, we may assume that $ is holomorphic as remarked after Theorem A. 
Iterating /, we may assume / to be a morphism over Y, i.e., $ o f = $. Then / 
induces an etale endomorphism of a general fiber F of $. This is a kind of reduction of 
/ to an endomorphism of varieties of k = 0. Theorem A reduces the dynamical study 
of holomorphic endomorphisms of compact Kahler manifolds of K > to the case of 
k = 0, by the results in Appendix \K\ In fact, we show in Appendix |A] (cf. Theorem D) 
that d\{f) = di(f\p) and h top (f) = h top (f\F) for the first dynamical degree d\ and the 
topological entropy h top . 

However, even if we know the endomorphisms of fibers very well, it is rather difficult 
to determine the structure of /, as in the papers [20] and [21], which have determined 
the structure of endomorphisms of 3-dimensional projective manifolds of k > 0. 

Third, assume that k(X) = 0. As in Section [T~2l an etale endomorphism / of X induces 
a nearly etale rational endomorphism of a weak Calabi-Yau variety F and an endomor- 
phism of an abelian variety A, provided that the good minimal model conjecture is true. 
However, it is not clear that the nearly etale endomorphism induces an etale endomor- 
phism of a certain resolution of singularities of F. Further, for the converse direction, it 
is not easy to recover the original endomorphism / from the two endomorphisms of F 
and A (cf. [20] for the 3-dimensional case). 

Therefore, we can conclude, under the assumption of good minimal model conjecture, 
that the nearly etale endomorphisms of weak Calabi-Yau varieties and the endomorphisms 
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of abelian varieties are the building blocks of all the etale endomorphisms of complex 
projective manifolds. 

For non-etale surjective endomorphisms (necessarily on uniruled manifolds), on the one 
hand, we know many examples of rationally connected varieties admitting non-isomorphic 
surjective endomorphisms, such as projective spaces, toric varieties, etc. (cf. [IH])- On the 
other hand, at the moment, we do not have structure theorems for all the endomorphisms 
on them. 

Organization of the paper. Section [2] is devoted to proving Theorem A and the ap- 
plication to the pluricanonical representation of the bimeromorphic automorphism group 
(cf. Corollary 12 Ah . In Section [3], we introduce a key notion of nearly etale map and study 
its elementary properties. Sections H] and [5] are devoted to Theorem B and Theorem C, 
respectively. In Appendix [A], we shall prove the equalities on the first dynamical degrees 
and the topological entropies mentioned above. 

Notation and terminology. We refer to [35] for the definitions of minimal models 
and of singularities including terminal, canonical, log-terminal, and rational singularities. 
Also, we refer to [SB], [H], [IS] for additional information on the birational geometry and 
the minimal model theory. Here we add an explanation of the notion of fibration (or 
fiber space): Let it: X — > Y be a proper morphism of normal algebraic (resp. complex 
analytic) varieties. If a general fiber of 7r is connected, then every fiber is connected and 
Oy ~ tt^Ox- In this case, 7r is called a fibration or a fiber space. A proper rational map 
(cf. Definition 13. II below) (resp. a proper meromorphic map) between normal varieties is 
called a fibration or a fiber space if it is the the composite of a proper birational (resp. 
bimeromorphic) map and a holomorphic fibration. 

Acknowledgement. The first named author expresses his gratitude to the Department 
of Mathematics of the National University of Singapore for the hospitality during his stay 
in October 2006. The work of this paper is based on the discussion with the second named 
author during the stay. The authors are grateful to Dr. Hiraku Kawanoue for answering 
questions on equivariant resolutions, and to Professor Takeshi Abe for pointing out a gap 
in the proof of Proposition 12.31 in an earlier version. The authors would like to thank 
Professor Yoshio Fujimoto for his encouragement and the referee for the suggestions. 

2. The case of positive Kodaira dimension 

2.1. Iitaka fibration. In the situation of Theorem A, we may assume that A is a 
compact Kahler manifold, without loss of generality. We have a natural isomorphism 
/*: H°(A, mKx) — * H°(X, mKx)- In fact, there is a bimeromorphic morphism /i: Z — > 
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X from another compact Kahler manifold Z such that <p := fofi: Z — > X is holomorphic; 
then /* is expressed as the composite 

H°(X,mK x ) ^ B°(Z,mK z ) B°(X,mK x ), 

which does not depend on the choice of /i: Z — > X. The pullback /* induces an automor- 
phism g of \mKx\ v preserving W m . The problem is to show the fmiteness of the order of 
g G Aut(W m ). We begin with the following simple result. 

Lemma 2.1. If Theorem A does not hold, then there is a positive-dimensional connected 
commutative linear algebraic subgroup G C Aut(W m ) such that g k G G for some k > 0. 
In particular, W m is ruled in this case. 

Proof. Let G C PGL = Aut(\mKx\ v ) be the Zariski closure of the cyclic group / = {gi \ 
j G Z}. Then G is abelian, since it is contained in the abelian algebraic subgroup Z(I) n 
Z(Z(I)), where Z(S) denotes the algebraic subgroup {7 G PGL | 7s = 37 for any s G S} 
for a subset S C PGL. Let G be the identity connected component of G. Then dim G > 
and g k G G for some k > 0. Since the action of G preserves W m , G acts non-trivially on 
W m . Thus W m is ruled by a result of Matsumura (cf. [52, Theorem 14.1]). □ 

Remark 2.2. There is another proof of Lemma 1231 by an argument similar to [521 Propo- 
sition 14.7]: In fact, we can show that /* is expressed as a diagonal matrix. Thus, G 
is contained in an algebraic torus. We can prove more on /* by the argument of [52l 
Proposition 14.4]: If A is an eigenvalue of /* : H°(AT, mKx) — * H (X, mKx), then A is 
an algebraic integer with |A| 2//m = degf. 

The following is a key to the proof of Theorem A. 

Proposition 2.3. Let n: X — > Y be a fiber space of a compact Kahler manifold X over 

a nonsingular rational curve Y ~ P 1 . Let f : X ► X be a dominant meromorphic map 

and g: Y ^ Y an automorphism such that tc o / = g o n. If k(X) > 0, then g is of finite 
order. 

Proof. Step 1. We first prove in the case where p g {X) = dimH°(X, Kx) > 0. Since 
7r is smooth over a dense open subset U of Y, we have a variation of Hodge structure 
Hu = R d n*Z x \u for d = dimX/Y = dim X — 1. 

Let n : Z — > X be a bimeromorphic morphism from another compact Kahler manifold 
Z such that </?:=/ o \i: Z X is holomorphic. Then 

is injective. Note that tt^ujx/y is just the d-th filter J rd { a T-L) of the upper canonical 
extension u 7i of Hjj <8> Qy in the sense of Kollar [36] . 
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We have also the pullback homomorphism 

/ c * oh : g-\R d Tt*1 x ) ^ g- l R d {n o ^)JL Z ^ R d 7r*Z x , 

where /i* is induced from the trace map R//*Z^[2n] — > Z,x[2n] for n = dimX. Note that 
/* oh is compatible with /*, i.e., the diagram 

(g- 1 R d 'ir*Zx)\u>®O ul (R d n*Z x )\u> ® O w 

f* 

{g*TT*UJx/Y)\u> — ^ ir*ux/Y\u> 
is commutative over the open subset U' — U n g~ l U . Let C R d n*Zx be the image of 

(g k r 1 (R d ^z x ) i9h ~ lrlf ^ {g^)-\R d ^ x ) - ■•• 

► ^(R^Z*) ^> R d 7r,Z x 

for k > 0. Then J fe D J fc+i and f* oh {g~ l Jk) = Jk+i- Moreover, for k > 0, /* oh : cT 1 ./* -> 
Jk+i is isomorphic and ® Q = J^+i (g> Q, since any stalk of R d ir#Zx is a finitely 
generated abelian group. We set J := Jk for certain k 3> 0. Then, for a non-empty Zariski 
open subset U" C C7, J|[/« defines a variation of Hodge substructure of R d tt*Zx\u"i and 
J|c/" <8> Ojjn contains tt^ux/y \u" as the d-th Hodge filter. Furthermore, the injection 
/* oh : g^J ^ J is compatible with /*. Let ?7 max be the maximal open subset of Y such 
that there is a variation of Hodge structure J max on U max with J max |t/" — J\u"- Then 
5 ,_1 ^max = Knax- Thus, we may assume that Y \ U mSuX consists of at most two points; 
otherwise, g is of finite order. Note that a Kahler form of X defines a real polarization 
of the variation of Hodge structure J max . 

Suppose that U max = Y ~ P 1 or U max ~ C. Then U max is simply connected and we have 
a period map from £7 max to the period domain associated with the polarized variation of 
Hodge structure J max (we need the polarization here). Griffiths proves that this map is 
"horizontal" (cf. [231 Sections 8 and 9]) and satisfies a kind of Schwarz inequality ( [23l 
Theorem 10.1]). Thus, this is a constant map by a reason similar to the fact that the 
map from C to a Kobayashi hyperbolic manifold is constant; in this case, the monodromy 
representation is also trivial, so the variation of Hodge structure J max is constant, i.e., 
the local system is trivial and every Hodge filtration -F p (J max ) is a trivial locally free 
sheaf. Hence, the sheaf ti^uj x /y — F d (J max ) is trivial. This leads to a contradiction: 
H°(X, K x ) * H°(Y, tx^ujx)) = H°(Y, ^(u x/ y) ® «*) = H°(F\ 0(-2)) = 0. 

Hence, we may assume U max = C*. Then, the period map associated with J max is 
constant, since the universal covering space of t/ max is C. In particular, the image of the 
monodromy representation 7Ti(f/ max , y) — > Aut( J maX)3/ ) is finite for a reference point y eY. 
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Let r : Y' ~ P 1 -> F be a cyclic covering etale over {7 max such that r 1 J max extends to 
a trivial constant sheaf of Y' . We may assume that g lifts to an automorphism g' of Y'. 
Let X' — > X Xy Y' be a resolution of singularities and let 7r': X' — > Y' be the induced 
morphism. Then f x g' induces a meromorphic endomorphism of X' and p g (X') > 0. 
Since r~ 1 J max has trivial monodromy, a similar variation of Hodge structure J^ ax is 
defined on Y' . Thus tt^ux'/y' is a free Cy/-module, and we have the same contradiction 
as above. 

Step 2. General case: Let s G H°(X, mKx) be an eigenvector of /*. We shall consider 
a cyclic covering corresponding to taking the m-th root of s: Let A = (B^ 1 Ox(—iK x ) 
be the Ox-algebra determined by s: Ox(-mKx) — > Ox- Taking a resolution X of 
singularities of Spec x A, let r: X — > X be the composite X — > Spec x A — > X. Then 
r*s G H°(X, ral£V) is expressed as cr m for a section o G H°(X,Xj-;). Let X' be a 
connected component of X. Then k(X') = ft(X) and p g (X') > 0. Let ir' : X' — > V 
be the fiber space and let A: Y' — » F be the finite morphism obtained as the Stein 
factorization of X' — > X — > Y. 

Since s is an eigenvector of /*, we have a meromorphic map /: X >X with to f — 

for. Replacing / with a suitable power f k , we may assume that / preserves X'. Let 

/' : X' > X' be the induced rational map. Then there is an automorphism g' of Y' such 

that n' o f = g' o tt' and X o g' = g o X. If g' is of finite order, then so is g. If the genus 
of V is greater than one, then g' is of finite order. Even if the genus of Y' is one, g' is 
of finite order since g 1 preserves the ample invertible sheaf X*0(1). If the genus of Y' is 
zero, then g' is of finite order by Step 1. Thus, we are done. □ 

Remark. If / is a holomorphic endomorphism of X and if X is projective, then Proposi- 
tion [23] follows from [31], since 7r has at least three singular fibers preserved by g. 

2.2. Proof of Theorem A. We first compare W m and W m i for positive integers m 

and I with \mKx\ ^ 0- There is a natural rational map ^ m ,mi'- W m i >W m such that 

<3> m = ^m^i o $ mJ . In fact, \l/ mim i is defined by the commutative diagram 

W ml |m/X x | v = P(H°(X,m/X x )) 

W m \mKxV ^ P(Sym'H°(X, mK x )), 
where i is the Veronese embedding and fi is induced from the natural homomorphism 
Sym^ H°(X, mKx) H°(X, mlKx)- Let g m and g m i, respectively, be the automorphisms 
of W m and W m i induced from /. Then g m o ^ m>m i = ^ m ,mi ° 9mi by construction. Thus, 
we may replace m with any multiple ml in order to prove Theorem A. Therefore, we may 
assume from the beginning that $ m : X ► W m gives rise to the Iitaka fibration of X. 
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We shall derive a contradiction by assuming that g := g m is of infinite order. By 
Lemma 12.11 we may assume that g is contained in a positive-dimensional connected 
commutative linear algebraic group G C Aut(W OT ). Let Y — > W m be an equivariant 
resolution of singularities so that G acts on Y holomorphically. There is a sequence 

{id} = G c G x C G 2 c • • - C Gi = G 

of algebraic subgroups such that dimGj/Gj_i = 1 for 1 < i < I. In particular, Gi/Gi-i ~ 

G m or G a . Let Y >Yy C Hilb(Y) be the meromorphic quotient of Y by G\ (cf. [T9l 

Theorem 4.1]). Then G/G\ acts on Y\. Replacing Y and Y\ by their nonsingular mod- 
els, respectively, we may assume that Y — > Yx is holomorphic and G-equivariant. Let 

Yi >Y 2 C Hilb(Y!) be the meromorphic quotient of Y± by G2/G1, and replace Y, 

Yx, and I2 by their nonsingular models, respectively, so that Y — > Yi and Yi — > Y2 
are G-equivariant morphisms. Continuing similar constructions, we have a sequence of 
G-equivariant morphisms 

Y = Y -> Y x -> ► Y 

such that Y — >• Y is birational to the meromorphic quotient by Gj. Then, for < i < I, 
a general fiber of Yj — > Y i+1 is a smooth rational curve which is the closure of an orbit of 
Gj + i/Gj. There is a similar and stronger assertion in [12} Theorem 4.6]. 

Replacing X by its blowup, we may assume that the composite X ► W m ► Y is 

holomorphic. Let us consider the composition fa : X — > Y — > Yj for 1 < i < I. For a very 
general point yi G Yj, let Fj C X be the fiber 0j rl (?/i) and let Gj_i C Yj_ x be the fiber of 
Y_i — > Yi over ?/j. Then K,(Fi) > for z > by the easy addition formula: 

k(X) = dim Y < /t(Fj) + dim Yj. 

Now g acts on Y trivially. Thus /: X >X is a meromorphic map over Yj, and 

a dominant meromorphic map i 7 ] > Fi is induced. By Proposition 12.31 the action of 

g on Ci^i is of finite order. Thus g k acts on Y-i trivially for some A; > 0. Hence, 
[gkj \ j £ C Gi-\. This contradicts that G is the identity component of the Zariski 
closure of {gi \ j G Z}. This completes the proof of Theorem A. □ 

Theorem A has an application to the pluricanonical representations of the bimeromor- 
phic automorphism group Bim(X) of compact complex manifolds X in the class C. The 
following result is proved in [52} §14] (cf. [47]) when A is a Moishezon manifold. 

Corollary 2.4. Let X be a compact complex manifold in the class C and let 

p m : Bim(A) -> Aut(H°(X, mX x )) 
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be the m-th pluricanonical representation (cf. [521 §14]) for a positive integer m with 
H°(X, mKx) 7^ 0. Then the image of the induced group homomorphism below is finite: 

p' m . Bim(X) -> PGL(H°(X, mK x )) = Aut(R°(X,mK x ))/C*. 

Proof. Let W m be the image of the m-th pluricanonical map $ m : X > \mKx\ v - Then 

W m is not contained in any hyperplane of \mKx\ v ■ Thus, for 7 G Bim(X), the order of 
P'm(l) equals the order of the action of 7 on W m . By Theorem A, the order of p^(7) * s 
finite for any 7 G Bim(X). So p m {l) is expressed as a diagonal matrix and its eigenvalues 
are (a9i, a9 2 , ■ ■ ■ , a9k) for k = dimH°(X, mKx), for a constant a G C*, and for roots 6i 
of unity, where Q\ — 1. By [521 Proposition 14.4] and by an argument in [5"2"j Theorem 
14.10], a6i are algebraic integers, \a\ = 1, and the degree [Q(a^) : Q] of field extension 
Q(a#,)/Q is bounded above by a suitable constant N which depends neither on i nor on 
7. Thus the degree [Q(6i) : Q] is bounded above by N 2 for any i. Hence, the order of 
Pmij) is uniformly bounded. Therefore, the image of p' m is a finite group by a theorem 
of Burnside (cf. [52l Theorem 14.9]). □ 

3. Nearly etale maps 

We introduce the notion of nearly etale map and study its basic properties. 

Definition 3.1 (cf. [31]). Let h: V >W be a rational (resp. meromorphic) map be- 
tween algebraic (resp. complex analytic) varieties. The map h is called proper if the 
projections pi : T h — » V and p 2 : T h — > W are both proper for the graph T h C V x W. For 
algebraic varieties V and W, V is called proper birational to W if there exists a proper 
birational map V > W. 

Remark. The first projection pi : — > X is proper for any meromorphic map /i. In 
particular, a bimeromorphic map is always proper. 

We extend the notion of Stein factorization to the case of proper rational (resp. proper 
meromorphic) maps. 

Definition 3.2. Let h: V > W be a proper rational (resp. proper meromorphic) map 

from a normal variety V to an algebraic (resp. complex analytic) variety W. Then there 
exists a finite morphism r : —>■ W uniquely up to isomorphism over W such that 

is normal and h = t oip for a rational (resp. meromorphic) fiber space tp: V > WK The 

factorization V > — > W of h is called the Stein factorization. 

Remark. If h is holomorphic, then this is the usual Stein factorization, where r is deter- 
mined by the isomorphism h*Oy ~ t*O w u. In case h is not holomorphic, let p,: V — *■ V 
be a proper birational (resp. bimeromorphic) morphism such that V is normal and 
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h! = h o //: V' — > W is holomorphic; then r is just given by the Stein factorization 
of h'. The uniqueness of r in this case follows from Zariski's main theorem. If V and W 
are algebraic, then is just the normalization of W in the function field C(V). 

Definition 3.3. Let h: V > W be a proper rational (resp. meromorphic) map between 

algebraic (resp. complex analytic) varieties. The map h is called nearly Stale if there exist 

proper birational (resp. bimeromorphic) maps fi: Y ► W, v. X >V and a morphism 

/ : X — > Y such that 

(1) X and Y are algebraic (resp. complex analytic) varieties, 

(2) / is a finite etale morphism, and 

(3) /i o / = h o u, i.e., the diagram below is commutative: 

X -U Y 

v ... h -> w. 

Remark. 

• A nearly etale map is dominant and generically finite. 

• A proper birational (resp. bimeromorphic) map is nearly etale. 

• A finite etale morphism is nearly etale. 

• Any nearly etale rational (resp. meromorphic) map V ► W is the composition 

of a proper birational (resp. bimeromorphic) map V > and a nearly etale 

finite morphism W. In fact, it is enough to take the Stein factorization of 

the rational (resp. meromorphic) map from the normalization of V to W. 

We now study basic properties of nearly etale maps. 

Lemma 3.4. Let h: V >W be a nearly Stale rational {resp. meromorphic) map be- 
tween normal varieties. Suppose that nf e (W) ~ Trf s (Y) for a resolution Y — > W of 
singularities ofW, where irf s stands for the algebraic fundamental group. Then the finite 
morphism — > W is Stale for the Stein factorization V > -^-W of h. 

Proof. The fundamental group 7Ti is a proper birational (resp. bimeromorphic) invariant 
for nonsingular varieties. Therefore, there is a finite etale covering W — > W correspond- 
ing to the finite-index subgroup tti(X) C iri(Y) via the isomorphism ni(Y) ~ 7ti(W) 
for the etale covering X — > Y in Definition 13.31 Since X is proper birational (resp. 
bimeromorphic) to W, we have W — over W . □ 
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As a consequence of Lemma I3.4[ we can show that the composition of two nearly etale 
maps are also nearly etale. Our next result shows that a nearly etale finite morphism is 
turned to be an etale morphism by a suitable base change. 

Corollary 3.5. Let V — > W be a nearly etale finite morphism between normal varieties. 
Let Z — > W be a morphism from a normal variety Z such that the image contains a non- 
empty open subset of W and ixf g (Z) ~ ixf g (M) for a resolution M — > Z of singularities 
of Z. Let Vz be the normalization of V x w Z and Vz — > Z* —* Z the Stein factorization 
of the morphism induced from the second projection V Xjy Z — > Z . Then Z" — > Z is 
etale. 

Proof. Let fx: Y — > W be a proper birational (resp. bimeromorphic) morphism from a 
nonsingular variety Y . By Lemma 13. 4} we have a finite etale covering X — > Y such that 
V — > W is obtained as the Stein factorization of X — > F — ► VF. There is a morphism 
X\y Z from a nonsingular variety y ' such that the composite y ' — > Y Z — > Z 
is proper birational (resp. bimeromorphic), since the image of Z — > W contains a non- 
empty open subset. Let X' — > Y' be the finite etale morphism obtained as the pullback 
of x -> y by y -> y x^k ^ — > y. We infer that any connected component of 
is obtained as the Stein factorization of the morphism X' — > Y' — > Z restricted to a 
connected component of X '. Therefore, — > Z is etale by Lemma [3.41 □ 

Definition 3.6 (cf. [37, (7.1.2)], [HJ Section 2]). Let (V, P) be a germ of normal complex 
analytic singularity and fi : Z — > V a resolution of singularity. 

• (V, P) is called an algebraically ii\-rational singularity if the algebraic fundamental 
group of /i~ 1 (P) is trivial. 

• (V,P) is a ni-rational singularity if the fundamental group of ^^(P) is trivial. 
Let W be a normal variety. 

• W reg denotes the nonsingular locus of W . 

• W^-at denotes the set of points P G such that (W, P) is nonsingular or is a 
rational singularity. 

• W^apr denotes the set of points P E W such that (W, P) is an algebraically vib- 
rational singularity. 

Remark 3.7. 

(1) If (V, A) is log-terminal (kit) at the point P for a Q-divisor A with lAj = 0, then 
(V, P) is an algebraically ^-rational singularity by [3*71 Theorem 7.5], and is in 
fact a 7Ti-rational singularity by [51] . 

(2) W Teg and PvVat are Zariski open dense subset of a normal variety W, but iy apr is 
not necessarily open. 
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(3) If W = IK apr , then 7if g (W) ~ 7rf g (IK) for any resolution Y — > V of singularities 
of W. In particular, this holds if (W, A) is log-terminal for a Q-divisor A with 
lAj = (cf. [371 Theorem 7.8]). 



The result below says that a nearly etale endomorphism induces an etale endomorphism 
of a certain nonsingular model, provided that the minimal model conjecture is true. 

Lemma 3.8. Let h: V — > V be a nearly etale finite morphism for a normal variety V . 
Assume the existence of the relative canonical model Kan for the resolutions of singular- 
ities ofV; equivalently, assume that the sheaf 

n v ■= ® m > Q V*OM{mK M ) 

of relative canonical ring is a finitely generated Oy -algebra for a resolution [i: M — > V 
of singularities ofV , where V can = ProjylZy. Then h lifts to an etale endomorphism of 
V can and to an etale endomorphism of a certain resolution of singularities ofV. 

Proof. Since V can has only 7Ti-rational singularities, applying Corollary 13.51 to V can — ► 
V, we have a finite etale morphism h caa : V^ an — > V can and a proper birational (resp. 
bimeromorphic) morphism Vj an — > V such that 

V" > V 

* can v 
Kan " V 

is commutative. Then V} an is also the relative canonical model for the resolutions of 
singularities of V, since it has only canonical singularities and its canonical divisor is also 
relatively ample over V. So V^ n ~ Vc an and /i can is regarded as an etale endomorphism 
of Kan- Applying the equivariant resolution of singularities of Kan with respect to the 



etale endomorphism h caVL in the sense of Section 11.41 we have a lift to a certain resolution 
of singularities of V . □ 

Lemma 3.9 (cf. [3"7] Theorem 5.2]). For a commutative diagram 

X —f-^ Y 

v> 

V — W 

of proper surjective morphisms of normal complex analytic varieties, h is etale provided 
that the following conditions are satisfied: 

(1) X and Y are nonsingular. 

(2) ip and it have connected fibers. 
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(3) The induced morphism X — > V x^y Y is an isomorphism over a dense open subset 
ofV. 

(4) f is a finite Stale morphism, and h is a finite morphism. 

(5) R* h*O y = and R* ^O x = for any i > 0. 

Proof. We may assume that degf = degh > 1. Let P £ W be an arbitrary point. It is 
enough to show that the cardinality Jj/i _1 (P) of h~ x (P) equals degh. For the proof, we 
may replace Y with another nonsingular variety Y' by taking a bimeromorphic morphism 
Y' -> y. In fact, the pullback f : X' -> y' of /: X -> y by y' -> y induces a similar 
commutative diagram satisfying the same conditions. Thus, we may assume that the 
reduced structure E = 7r _1 (P) re d of the fiber 7r _1 (P) = Y Xw {P} is a normal crossing 
divisor, after blowing up 7r _1 (P). Then f~ 1 E is also a reduced normal crossing divisor 
of X. Here, f~ x E is the disjoint union of the reduced structures Eq of the fibers ip~ 1 {Q) 
for points Q £ /i _1 (P). 

We shall show x{E, Oe) = 1- In the natural commutative diagram 

(RV*Cy)p — H l (P,C) 

(Kn*0 Y ) P ► H 4 (P,0 £ ), 

the right vertical arrow is surjective by the theory of mixed Hodge structures on normal 
crossing varieties. Therefore, H*(P, Oe) = for i > by the condition (jHJ). In particular, 
x{E, Oe) = 1- By the same argument, we also have x{Eq, O) = 1. On the other hand, 
x{f~ x E,0) = (deg f)x(E, Oe) = degf, since / is etale. Therefore, 

$h-\P) = £ X (£q, 0) = X(r^, 0) = deg / = deg h. □ 

Proposition 3.10. Let h: V — ► W be a nearly etale finite morphism between normal 
varieties. Then: 

(1) /i _1 (H / a P r) C Va pr anc? ft, is etale along h~ 1 (W apT ). 

(2) h is etale along Kat- 

(3) h-\W apr n W rat ) = Kpr n Kaf 

(4) /i- 1 ^) = ^ reg . 

Proof. (CE|) follows from Lemma [3.41 applied to an open neighborhood of a point in W apT . 
Moreover, (E]) and (HI) are derived from (JTJ) and (j2J), since /i(l^- a t) C VF rat . Therefore, it 
suffices to show (J2J). 

Let P be a point of V^ a t- In order to prove the etaleness of h at P, we may replace W 
with an open neighborhood W of /i(P) and V with a connected component of 
containing P. Thus, we may assume that W is simply connected and h~ l (h(P)) = {P}, 
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set-theoretically. Let fi : Y — > W be a resolution of singularities. Then, by Lemma 13.41 
we have a finite etale covering / ': X — > Y and a bimeromorphic morphism z/: X —>■ V 
such that /i o / = h o v. Applying Lemma 13.91 to the commutative diagram expressing 
o / = h o u, we infer that /i is an isomorphism. Thus, we are done. □ 

For a nearly etale endomorphism of a normal algebraic variety, we have the following 
additional property: 

Proposition 3.11. Let h: V — > V be a nearly etale finite surjective endomorphism of a 
normal algebraic variety V . Then /i -1 (14at) = V^ at . 

Proof. Let B be the complement of V iat in V. Then we have the inclusion h~ 1 {B) C B 
by Proposition 13.101 The other inclusion follows from Lemma 13.121 below. □ 

Lemma 3.12. Let h: V — > V be a finite surjective endomorphism of an algebraic variety 
V . Suppose h~ l (B) C B for a closed subset B C V . Then h~ l (B) = B. Further, 
T i— > h(T) induces an automorphism of the set 7g of irreducible components V of B. The 
inverse map is given by T i— > /i _1 (r). 

Proof. Let Ig be the set of irreducible components of B of dimension k. Then Is = 
\JIb- Let be the subset of consisting of T G Jg with /i(r) C B. It is enough to 
show the following two properties for any k: 

[L) k . 1 B — J B ■ 

(2) fc : h*: — > Jg given by T i— > h(T) is bijective. 

We shall prove by descending induction on k. We set d = dim B. For T G I B \ some 
r' G 4 d) is contained in h' 1 ^). Here, V G J B d) , since /i(r') = T. Hence /i*: J B d) -> 
is surjective. Since is a finite set, Jg = and /i* : J B — > 7g is bijective. 

Next, assume that (1)/ and (2)i hold for any integer I > k. If T G I B , then an 
irreducible component A of /i" 1 (r) dominates T, and A C T' for some T' G Jg. If 
dimT' > k, then /i(r') C i? by induction, and hence T C /i(r'); this is a contradiction. 
Thus dimT' = k, V = A, and V G J B . Hence, h*: — > Jg is surjective. Therefore, 
Jg ■* = Jg ■* and : Jg — > 7g is bijective. Thus, we are done. □ 

If / : X — > X is a surjective endomorphism of a nonsingular projective variety X with 
k(X) > 0, then / is etale. But if we drop the condition of nonsingularity, then we can 
expect neither the etaleness nor even the nearly etaleness. Indeed, we have: 

Example 3.13. Let A be an abelian surface and V the quotient space of A by the involution 
i: A 3 a i— > —a G A with respect to a group structure of A. The minimal resolution of 
singularities of V is a K3 surface called the Kummer surface associated with A and is 
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denoted by Km(A). The variety V has only canonical singularities and Ky ~ 0. Let 
= jj, m : A — > A be the multiplication map a i— ► ma by an integer m with |m| > 1. Then 
it descends to a non-isomorphic surjective endomorphism fiy : V — > V. Here, (iy is not 
nearly etale since Km(A) is simply connected. 

4. The case of zero Kodaira dimension 
4.1. Albanese closure. 

Definition 4.1. For a normal projective variety V, we define g max (V) to be the supremum 
of the irregularities q(V) = dimH 1 (V , Oy) for all the finite etale coverings V — > V. 

If X is nonsingular projective with k(X) = 0, then q(X) < g max (X) < dimX by 
[32]. Let 1/ be a normal projective variety with only canonical singularities such that 
k(V) = 0. Let X be a nonsingular projective variety birational to V. Then q(X) = q(V) 
and Alb(X) ~ Alb(y), since V has only rational singularities. Furthermore, 7r alg (X) ~ 
Tii^iV) by Remark 13.71 In particular, the category of finite etale coverings over X is 
equivalent to that of finite etale coverings over V. Therefore, q max (X) = q mSLX (V). 

Definition 4.2. Let F be a normal projective variety with only canonical singularities 
such that Kp ~q 0. If g max (F) = 0, then F is called a weak Calabi-Yau variety. 

Let V be a normal projective variety with only canonical singularities such that Ky ~q 
0. Then, by [33, Corollary 8.4], there is a finite etale covering F x A ^ V with F a weak 
Calabi-Yau variety and A an abelian variety. Here, g max (V) = dim A. 

The result below guarantees the uniqueness (up to isomorphism) of minimal etale cover 
V~ of V realizing g max (\/) as q(V~). A similar result is found in [1]. 

Proposition 4.3. Let V be a normal projective variety with only canonical singularities 
such that k(V) = 0. Then there exists a finite etale Galois covering V~ — > V , unique up 
to (non-canonical) isomorphisms, such that: 

(1) q (y~) = q max (V), and 

(2) if V — > V is a finite etale covering from a variety V with q(V) = q max (V), then 
V — > V factors through V~ — > V . 

Proof. There is a finite etale Galois covering Vq — > V with q max (V) = q{Vo). For the 
Galois group Go of Vq — > V, let Ho be the kernel of the natural homomorphism 

G -> Aut(Hi(Alb(Vb),Z)). 

We set V~ to be the quotient space H \Vq. Then H \ Alb(Vo) is an abelian variety and 
V~ —> i? \Alb(Vo) is the Albanese map of V~ . In particular, q ma - x (V) = q(V~). Let 
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V\ — > V be a finite etale Galois covering such that V\ — > V factors as V\ — > Vo — > V. For 
the Galois group Gi of Vi — > V, let ifi C Gi be the kernel of 

d -> Aut(H 1 (Alb(V 1 ),Z)). 

Then is just the pullback of i/ C G by Gi — > G , since Alb(Vi) — > Alb(Vo) is 

an isogeny. In particular, Hi\V\ ~ -ffo\Vo = Therefore, V~ is independent of the 

choice of Galois covering Vo — > V. For an arbitrary finite etale cover V — > V with 

g(V') = g max (V), we have a finite Galois cover Vo — > V which factors through V — > V. 

Then the Galois group G of V — > V acts on Alb(Vo) and, acts on Hi(Alb(Vo), Z) trivially, 

since Alb(Vo) — > Alb(V') is an isogeny Thus G C i/o an d we have a factorization 
V _, y~ y. □ 

We call the Galois cover V~ — ► V the Albanese closure. The Albanese closures of 
birationally equivalent varieties satisfying the conditions of Proposition 14.31 are also bira- 
tionally equivalent. 

4.2. Splitting endomorphisms. We shall show that any nearly etale rational endomor- 
phism ip of the product F x A of a weak Calabi-Yau variety F and an abelian variety A is 
split as the product of a nearly etale rational endomorphism ifp of F and an etale 

endomorphism ip^ of A. A slightly more general assertion is proved in Proposition 14.81 
below. To begin with, we recall the following well-known result (cf. [271 Theorem (4.6)]): 

Lemma 4.4. Let F be a normal projective variety such that q(F) =0. If F is not ruled, 
then Aut(F) is discrete. 

Proof. Let Ti be a very ample invertible sheaf of F. For an automorphism / of F belonging 
to the identity component Aut°(F), the invertible sheaf f*TC is isomorphic to TC, since 
the tangent space of the Picard scheme of F at the origin [Op] is isomorphic to the 
zero- dimensional vector space E 1 (F, O f ). Let $: F F N be the embedding defined by 
the very ample linear system \7i\. Then / induces an automorphism p(f): F N —* F N 
such that $ o / = p(f) o $. The automorphism p(f) is contained in a linear subgroup of 
PGL(A^ + 1, C) preserving Since F is not ruled, we infer that the linear subgroup 

acts on F trivially. Therefore, / = idp. Hence, Aut°(F) = {id^}- □ 

The following is the first splitting criterion for an etale morphism. 

Lemma 4.5. Let F and F' be non-ruled normal projective varieties such that q(F) = 
q(F') = and dimF = dimF'. Let A and A' be abelian varieties with dim A = dim A'. 
Let ip: F x A — >• F' x A' be a surjective etale morphism. Then ip = tpi x ip> 2 for surjective 
etale morphisms <fi : F — > F' and (p 2 : A — >• A' . 
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Proof. The second projections P2 '■ F x A — > A and p' 2 : F' x A' — > A' are the Albanese 
maps of F x A and F' x A', respectively. Thus an etale map y?2 '■ A — > A' is induced so 
that ^>2°P2 — v'2 V 9 - So for any a G A, there is an etale morphism p a : F — > F' such that 

<p(x,a) = (p a (a;),^2(a)). 

The collection {p a } gives rise to a morphism from A into the scheme Hom(F, F') of 
morphisms from F to F'. For a surjective etale morphism ip: F ^ F', the tangent space 
of Hom(F, F') at the point [ip] G Hom(F, F') corresponding to ip is isomorphic to 

Hom 0p (f4„ O f ) ~ Homo^nj,, F ) ~ H°(F, F ) 

for the tangent sheaf G F . In particular, the dimension of the tangent space equals that 
of Aut°(F). So the tangent space is zero by Lemma H~4l Hence, p a is independent of the 
choice of a G A. Thus, (p — (pi x (p 2 for (p\ = p a . □ 

The following is a partial generalization of Lemma 14.51 in the birational case. 

Lemma 4.6. Let F and F' be non-ruled nonsingular projective varieties such that q{F) = 
q(F') = and dimF = dimF'. Let A and A' be abelian varieties with dim A = dim A'. 

Let ip: F x A > F' x A' be a birational map. Then tp — <pi x (p% for a birational map 

(p\ \ F > F' and an isomorphism ip 2 : A —> A' . 

Proof. There is an isomorphism <p 2 : A — * A' such that p 2 o (p = <p 2 o p 2 for the second 
projections p 2 : F x A — > A and p 2 : F' x A' A'. Hence, we may assume that A = A' 

and fp>2 — idx- Then ip is a birational map F x A > F' x A over A. For a general point 

a £ A, we have a birational map f a : F > F' as the restriction of (p to F x {a}. Thus, 

we may also replace F' with F by a suitable f a . Therefore, we may assume from the 

beginning that <p is a birational map F x A > F x A over A. Then 9? induces a rational 

map from A into the scheme Bir(F) of birational automorphisms studied in [27]. By 

Theorem (2.1)], we have dimBir(F) = 0, and hence the map A > Bir(F) is constant. 

Therefore, <p = (pp x id^ for a birational map <pp\ F ► F. □ 

The next is a sufficient condition to split the variety into a product. 

Lemma 4.7. Let V be a normal projective variety with only canonical singularities such 
that Ky ~q 0. Suppose that V is birational to F x A for an abelian variety A and a 
normal variety F with only canonical singularities such that Kp ~q and q(F) = 0. 
Then V ~ F' x A for a variety F' birational to F. 

Proof. The composition V > F x A — > A with the second projection is the Albanese 

map of V. There is a finite Galois etale covering A' —>■ A from an abelian variety A' such 
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that V x A A' ~ F' x A' over A' for a variety F', by [331 Theorem 8.3]. Then F' is normal 
with only canonical singularities, Kpi ~q 0, q(F') = 0, and we have a birational map 

y?: F x A' = (F x A) x A A'--^V x A A' ~ F' x A' 

over A'. By Lemma l4.6[ p = pp x icU' for a birational map pp\ F >F', since the 

irregularities of nonsingular models of F and F' are both zero. The action of the Galois 
group G of A' — > A on i 7 " x A' ~ I 7 x^ A' is written as a diagonal action by Lemma T4. 51 
Moreover, it is compatible with the action of G on F x A' by tp, where G acts trivially 
on the first factor F. Therefore, G acts trivially on the first factor F', and hence, 
V ~ F' x A. □ 

The following is also a partial generalization of Lemma 14.51 

Proposition 4.8. Let F and F' be normal projective varieties with only canonical sin- 
gularities such that Kp ~q ; Kpi ~q 0, and q(F) = q(F') = 0. Let A and A' be abelian 

varieties with dim A = dim A'. Let p>: F x A > F' x A' be a nearly etale rational map 

such that p' 2 ° p> = p A o p 2 for an etale morphism p> A '■ A — > A' and for the second pro- 
jections p2'- F x A — > A and p 2 : F' x A f —> A' . Then p = ipp x p A for a nearly etale 
rational map pp\ F >F'. 

Proof. By Lemma 13.41 p is the composite of a birational map F x A >V» and a finite 

etale covering V* — > F'xA', since F'xA' has only canonical singularities (cf. Remark 13.71) . 
Then V" ~ F$ x A for a normal projective variety F^ birational to F by Lemma 14.71 
Further, the etale covering — > F' x A' is isomorphic to ip x p A for finite etale morphisms 
ip: F* — > F' and p A : A — > A' by Lemma |4~5*1 So we have only to show that the birational 

map Fx A ► V" ~ F* x A is the product of a birational map F ► F* and the identity 

map A — > A. This is done by Lemma 14.61 since the irregularities of nonsingular models 
of F and F* are both zero. □ 

4.3. Proof of Theorem B. As in Proposition 14.81 h is the composite of a birational 

map V ► V* and an etale covering A : V" — > V. Let 5 : V~ — > V be the Albanese 

closure of V and let U be a connected component of the fiber product x v V~. Then 
q(U) = q(V~) = q max (V), and hence U — > factors through the Albanese closure 
(V")~ — > V* of VK On the other hand, is birational to V~ by the birational map 

V ► V s . Hence we have U = V i x v V~ ~ (V ll )~ by comparing the mapping degrees. 

So there is a nearly etale rational map h~ : V~ > V~ such that 5 o h~ = h o 5. 

Let a: V~ — > A be the Albanese map of V~. Then hT induces an etale endomorphism 
h A : A — > A such that a o h~ = h A o a. By (331 Theorem 8.3, Corollary 8.4], there are 
an isogeny A' — > A of abelian varieties and an isomorphism V~ x^ A' ~ F x A' over 
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A' for a normal projective variety F with only canonical singularities and q{F) = 0. 
By replacing the isogeny A' — ► A, we may assume that A' = A and A' — > A is the 
multiplication map by m > 0. By Lemma [4.91 below, there is an etale endomorphism (p^ 
of ^4 such that /i^(mfl) = m<£M.(o) for any a G A So there is a nearly etale rational map 

if. Fx A > FxA such that P2 ol fi = <Pa°P2 and 8oip = h~o6, where 6: Fx A — > V~ is the 

composite of the isomorphism F x A' ~ V x^ A' and the projection V~ x^ A' — > V~ . 

Then (p = (fp x for a nearly etale rational map ifp'- F >F, by Proposition 14.81 

Applying the same argument above to ipF '■ F ► F instead of h : V ► V, we complete 

the proof of Theorem B by induction on dim V. □ 

Lemma 4.9. Let fi: A — > A be the multiplication map a i— > ma by a positive integer 
m for an abelian variety A with a given abelian group structure. Then, for a morphism 
h: A — » A, there is a morphism hi ': A — >• A such that // o hi = /i o 

Proof. There exist a homomorphism y> : A — > A of abelian group and a point c G A such 
that /i(a) = tp{a) + c for any a E A. There is a point c' E A with mc' = c, since A is 
divisible. We define h' : A — > A by /i'(a) = y(a) + c' for aG A Then 

mh'(a) = rmp(a) + mc' = <p(ma) + c = h{ma). □ 

4.4. Conjectural discussion. We shall pose the following: 

Conjecture 4.10. Let X be a nonsingular projective variety such that k(X) = g max (X) = 
0. Then tt\{X) is finite. 

This is true for X with Kx numerically trivial, by Bogomolov's decomposition theorem. 
Furthermore, it is true when dimX < 3 (cf. |50j). 

Lemma 4.11. Let V be a normal projective variety such that nf g (M) is finite for a 
resolution M — > V of singularities of V. Then any nearly etale rational endomorphism 
h: V > V is birational. 

Proof. We may assume that V is nonsingular. For an arbitrary positive integer I, let 

V > V"™ — >• V be the Stein factorization of the Z-th power h l = h o ■ ■ ■ o h. Then 

is an etale morphism of degree (degh) 1 by Lemma [3.41 Now, tt 1 s (V) is finite, 
since 7Ti(M) ~ 7Ti(V). Hence deg/i = 1. □ 

So, if Conjecture 14.101 is true, then a nearly etale rational endomorphism of a weak 
Calabi-Yau variety is birational. In particular, the building blocks of the etale endomor- 
phisms of projective varieties with k = would then turn out to be the endomorphisms 
of abelian varieties and the birational automorphisms of weak Calabi-Yau varieties. 
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5. The uniruled case 

5.1. Maximal rationally connected fibration. A projective variety X is called unir- 
uled if there is a dominant rational map P 1 x Y > X for a variety Y with dim Y = 

dimX — 1. For a nonsingular projective variety X, the following three conditions are all 
equivalent (cf. P §3], HOI §2]): 

(1) Any two points of X are connected by a chain of rational curves. 

(2) Any two general points of X are contained in one and the same rational curve. 

(3) There is a nonsingular rational curve on X with ample normal bundle. 
If one of the conditions above is satisfied, then X is called rationally connected. 

Remark 5.1 (cf. P, §3], [U3, Proposition (2.5)]). A nonsingular rationally connected vari- 
ety X has the following properties: 

• X is simply connected. 

• W{X,O x ) = for i > 0. 

• H°(X, (fi^) 0m ) = for any m > 0. 

If X is a uniruled nonsingular projective variety, then there exists uniquely up to 

birational equivalence, a rational fiber space ir: X >Y over a nonsingular projective 

variety Y satisfying the following conditions, by [TD], [3D], [2"2"] : 

(1) 7r is weakly holomorphic, i.e., there exists open dense subsets U C X, V C Y such 
that 7r induces a proper surjective morphism U —* V. 

(2) For a general point P of the open set U above, the fiber over tt(P) is a maximal 
rationally connected submanifold of X containing P. 

(3) Y is not uniruled (cf. [22, Corollary 1.4]). 

The fibration n is called the maximal rationally connected fibration of X. 

Lemma 5.2. Let f : X — > X be an etale endomorphism of a uniruled projective variety X . 
Then there exist a proper birational morphism //: M — > X , a proper surjective morphism 
tt: M — > Y , an etale endomorphism Jm of M , and an endomorphism h of Y satisfying 
the following conditions: 

(1) M is a nonsingular projective variety. 

(2) Y is a normal and non-uniruled projective variety. 

(3) 7i is birational to the maximal rationally connected fibration of M. 

(4) fi o f M = f o fj, and n o f M = h o tt (cf. the diagram in Theorem C) . 

Proof. We may assume that X is nonsingular, by replacing it with an equivariant resolu- 
tion of singularities with respect to / (cf. Section U~M . Let X ► Chow(X) be the 

rational map to the Chow variety of X which defines the maximal rationally connected 
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fibration of X. By associating a cycle Z of X with the push-forward f#Z, we have a 
functorial morphism f c : Chow(X) — > Chow(X) since / is finite (cf. [3, Chapter IV §2 
Theoreme 6], [2j Theoreme 6.3.1], [38| Theorem 1.6.8]). Since / is etale, f*Z is reduced for 

a rationally connected submanifold Z. Thus, o f — f c o^f. Let X >Y — > Chow(X) 

be the Stein factorization of \1/ and h: Y — > Y the endomorphism induced from f c and /. 
Note that Y is not uniruled. An endomorphism of the graph r C X x Y of the rational 

map X > Y is induced from / x h. Let T — > F be the normalization, /y the induced 

endomorphism of T, and pi : T — > X the morphism induced from the first projection 
r C X x T — > T. Then, pi o f T = f o p 1 . Thus, pi factors through a finite birational 
morphism T — > 7\ to the fiber product T\ := X x x T of f and pi over X. Since / is etale, 
T ~ Ti, and hence is etale. Let M — > T be an equivariant resolution of singularities 
with respect to fr, and fu the lift of fa to M as an etale endomorphism. Then, these 
data satisfy the required conditions. □ 

The following is proved essentially in [37J Theorem 5.2], where F is assumed to be a 
rationally connected manifold. We present a slightly different proof. 

Lemma 5.3. Let g: M — ► N be a proper surjective morphism between nonsingular vari- 
eties. For a general fiber F of g, suppose that 

(1) F is connected, 

(2) F is simply connected, and 

(3) H*(F, O f ) = 0foranyi>0. 

Then g*: 7Ti(M) — > iti(N) is isomorphic. 

Proof. Step 1. If iV C iV is a Zariski open subset with the codimension of N \ N° 
bigger than one, then 7Ti(iV ) ~ ni(N), and 7Ti((yf _1 (A^ )) — >• 7Ti(M) is surjective. Thus, if 
TTi(g^ 1 (N°)) — > 7r 1 (A r °) is an isomorphism, then so is 7i"i(M) — > 7Ti(N). Hence, we may 
replace N with such an open subset N°. In particular, we may assume that g: M — > AT 
is smooth outside a nonsingular divisor D = Di of N, where is an irreducible 
component. 

Step 2. Let be an analytic open neighborhood of a point Pi G Dj of D such that 
is biholomorphic to a unit polydisc {(t±, t 2 , . . . , t„) G C n ; \tj\ < 1 for any j} in which 
Pj is mapped to the origin = (0, 0, . . . , 0) and Ui fl D is mapped to the coordinate 
hypersurface {t\ = 0}. Since Ui \ D = U{ \ Di is homotopic to a circle, we have a 
generator Si of TtiiUi \ D). By van Kampen's theorem, or other topological argument, we 
infer that the kernel of the surjection tt\{N \ D) — > 7i"i(iV) is generated by the conjugacy 
classes of the images Si of Si under the homomorphisms is\(Ui \ D) — > 7ii(N \ D). 
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Step 3. By the assumptions ([[]) and (j2|), and by the homotopy exact sequence, we infer 
that the natural homomorphism 7i"i(M \ g~ l D) — > tti(N \ D) is an isomorphism. Let 
5j G 7Ti(M \ g~ l D) be the element corresponding to 5i G ^(iV \ -D). In order to show 
the homomorphism 7Ti(M) — > 7Ti(A r ) to be isomorphic, it is enough to show that 5i is 
contained in the kernel of iri(M\g~ 1 D) — > 7Ti(M). Let Cj C Ui be a curve corresponding 
to an axis with respect to the coordinate system (ti, . . . ,t n ) of the polydisc such that 
Ci fl D = {Pi} and let Xi be the fiber product M x N d. By changing Pj, and 
coordinates (ii, . . . , t n ) slightly, we may assume that Xi is nonsingular. Then S{ comes 
from 7Ti(Xj \ g -1 (Pj)) ~ 7Ti(Cj\{Pj}) = Z5j. Thus, we have only to show that r Kx{X i ) = 0, 
or equivalently, ni(g~ l (Pi)) = 0, since g~ 1 (Pi) is a deformation retract of Xi. 

Step 4. By Step 3, the proof of Lemma 15.31 is reduced to the case where N is a 
unit disc and g is smooth outside the origin 0. We shall show 7ri((7 _1 (0)) = in this 
case. By shrinking iV if necessary, we have a holomorphic curve T C M such that T is 
biholomorphic to a unit disc and T — > N is a finite surjective morphism branched only 
at G JV. We have: 

• 7r 1 (M\( 7 - 1 (0))~7r 1 (iV\{0})~Z, 

• 7i"i(T \ g _1 (0)) — > ^(iV \ {0}) is an injection into a finite-index subgroup, and 

• 7Ti(M \ ^(O)) -> 7Ti(M) is surjective. 

Therefore, vri(M) is a finite cyclic group. Let A: M — > M be the universal covering map 
and let M — > N — > be the Stein factorization of^oA: M ^ M N. Then the induced 
morphism M — > M x jy A^ is isomorphic over (A^ \{0}) x ^ A^ by (j2J). Applying Lemma 13791 
to the commutative diagram corresponding to the Stein factorization of go A, we infer that 
A^ — > A r is etale. In fact, the condition (jSJ) of Lemma [3791 over A^ and A^ are both satisfied, 
since the higher direct image sheaves R J g^Ou are torsion free over the nonsingular curves 
A^ and the same thing holds for the higher direct image sheaves for M — > N. Hence, 
A^ ~ N and M ~ M. Therefore, M and (7 _1 (0) are simply connected. □ 

The following gives a sufficient condition for a finite morphism to be nearly etale. 

Proposition 5.4. Let h: Y — > Y be a finite surjective morphism between normal varieties 
with deg h > 1. Then h is nearly etale if there exist proper surjective morphisms ti : M — > 
Y and n: M — ► Y, and a finite etale covering f : M — > M satisfying the following 
conditions: 

(1) M and M are nonsingular, and n o f = h o n . 

(2) A general fiber F of tt is connected and simply connected with H*(F,Of) = for 
any i > . 
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Remark 5.5. Let M\ be the fiber product Y Xy M. Then / induces a finite morphism 
A : M — > Mi over M with the commutative diagram below: 

A 



M 



Y 



Mi 



Y 



M 



Y. 



We can show that A is just the normalization of the reduced structure Mi jre d of Mi, as 
follows: Note that Mi is irreducible since ir has only connected fibers and h is finite. 
Since a general fiber of 7r is simply connected, A is an isomorphism over h~ l (U) Xy M C 
Y Xy M = Mi for a dense open subset U C Y. Then A induces a finite and birational 
morphism from M to the normalization of Mi re d, which is turned to be an isomorphism. 



Proof of Proposition 15.41 Let v : iV — > Y be a resolution of singularities and M' — > M 

a proper birational morphism from a nonsingular variety M' such that M' — » M ► N 

is a morphism. Then, 7i"i (M') ~ 7Ti (AT) by Lemma 15.31 Let II C 7i"i (iV) be the image 
of /*(7Ti(M)) C 7Ti(M) via tti(M) ~ 7Ti(M') ~ 7Ti(iV), and 0: N -> the finite etale 
covering corresponding to the finite-index subgroup IT. Let M' — > M' be the etale covering 
obtained as the pullback of / by M' — > M. Then we have a commutative diagram 

M < M ► iV 



M 



M' 



N 



in which each square is Cartesian. By considering the Stein factorization of v o 0, we have 
a proper birational morphism z> : — * F such that h a v = v o 0. Thus, the diagram 

M — F ^— N 



f 



M 



h 



A 7 



is also commutative. Therefore, /i is nearly etale. 



□ 



5.2. Proof of Theorem C. We apply Lemma [5.21 to the given etale endomorphism / 
of X. Let fx: M — > X, ir: M — > Y, J'm, and h be the same objects as in Lemma [5.21 By 
Proposition 15.41 h is nearly etale. This completes the proof of Theorem C. □ 

Appendix A. Topological entropies and fiber spaces 

The reduction (A) in the introduction is deduced from Theorem A. We have also a 
similar reduction of type (A) in the dynamical study of endomorphisms. More precisely, 
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for the study of the first dynamical degree and the topological entropies of holomorphic 
surjective endomorphisms of compact Kahler manifolds, the case of positive Kodaira 
dimension is reduced to the case of zero Kodaira dimension by Theorem A, and by 
Theorem D below. The reduction of non-holomorphic meromorphic endomorphisms is 
not treated here. 

Theorem D. Let 7r: X —>■ Y be a proper surjective morphism from a compact Kahler 
manifold X to a compact complex analytic variety Y and f : X — ► X a surjective endo- 
morphism such that a general fiber of tt is connected and tt o f = n. Let F be a smooth 
fiber of it, i.e., a fiber along which it is smooth. Then: 

(1) The equality d\{f) = di(f\p) holds for the first dynamical degrees d\ of f : X — > X 
and the restriction f\p\ F —>■ F of f . 

(2) /// is etale, then the equality h top (f) = h top (f\F) holds for the topological entropy 
htop- 

The proof is based on basic properties of spectral radii, a generalized notion of Kahler 
cone, a simple calculation of dynamical degrees, and the results of Gromov [24J and 
Yomdin [56J on topological entropies. The proof of the first assertion (OQ) is given at the 
end of Section IA.2I and the proof of the second assertion at the end of Section IA.31 
Some well-known properties on dynamical degrees are prepared in Sections IA.1I and IA.21 

A.l. Spectral radii and Kahler cones. We recall some basic properties of spectral 
radii, especially a generalization of the Perron- Frobenius theorem. Furthermore, we in- 
troduce a notion of Kahler (k, fc)-forms and the Kahler cones in H fc ' fc (M, M) for a compact 
Kahler manifold M. 

The spectral radius p(y?) = p(V, (p) of an endomorphism (p : V — > V of a finite- 
dimensional C-vector space V is defined to be the maximum of the absolute values of 
the eigenvalues of (p. The spectral radius of an endomorphism </?r : Vr — > Vr of a finite- 
dimensional real vector space Vr is defined as that of its complexification y9 R ® K C : Vk ®r 

C -> V u ® R C. 

Remark. Let || • || be any norm of V and let || • ||i be the L 1 -norm of Endc(V) defined by 
H^lli := sup{||y2(»|| ; ||u|| = 1}. Then p(<p) = lim™^ (||y9 m ||i) 1/m . 

Notation. Let 14 be a finite-dimensional real vector space. A subset C C 14 is called 
a convex cone if C + C C C and IR + C C C, where K+ denotes the set of positive real 
numbers. If C H (— C) C {0} in addition, then C is called strictly convex. 

Remark. A convex cone C C Vr is strictly convex if and only if there exists a linear form 
X- Vr ->• M such that x > on C \ {0}. 
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The following is known as a generalization of the Perron-Frobenius theorem on real 
n x n matrices A = (ajj) of positive entries a^: 

Theorem A.l (cf. [7]). Let C be a strictly convex closed cone of a finite- dimensional 
real vector space Vr such that C generates Vr as a vector space. Let ip : Vr — > Vr be an 
endomorphism such that <p{C) C C. Then the spectral radius p{p>) is an eigenvalue of if 
and there is an eigenvector in C with the eigenvalue p(ip) . 

We add another property of spectral radius which is proved by using Theorem IA.11 

Proposition A. 2. Let tp: Vr — > Vr be an endomorphism of a finite- dimensional real 
vector space Vr. Suppose that p(C) C C for a strictly convex closed cone C C Vr with 
C + (— C) = Vr. Let || • || be a norm on Vr and let x : Vr —*■ K be a linear form such that 
X > on C\ {0}. If u is contained in the interior of C, then 

p(<p) = hm^oo y m {u)f' m = hm m ^ ooX (^ m ( M )) 1 / m . 

Proof. We define || • || u : Vr — > M> by \\x\\ u := inf{r > | x + ru G C, —x + ru G C}. 
Then || • || u is a norm of Vr. There exist positive constants C±, C 2 such that Ci||x|| < 
II^IU < ^ll^ll for any x G V. Hence, we may assume that || ■ || = || ■ \\ u - For the induced 
L 1 -norm || ■ || U) i, we have ||<£> m || U) i > ||v2 m (M)|| tt for m > 1, since \\u\\ u = 1. Applying x 
to ||(^ m (M)|| tt M — <p m (u) G C, we have ||y9 m (w)|| M x( M ) > x{f m ( u ))- We have an eigenvector 
v G C with the eigenvalue p(ip) by Theorem IA.11 Applying x V 9 " 1 to \\v \\ u u — v G C, we 
have ||f \\ u x(p> m (u)) > p(p) m x(v). Therefore, 

X{u) x{u)\\v\\ u 

Hence, we complete the proof by 

p(<p) = lim^oo \\p m \\uT > limbec ||^»Hl /m > lim m ^ ooX (^ m ( M )) 1 /™ > p (<p). □ 

Let M be a compact Kahler manifold of dimension n. Let w be a C°°-(k, fc)-form on 
M for an integer 1 < k < n. For a local coordinate system (21, 22, ... , 2 n ) of M, u is 
locally expressed as 



LO = (\^T) k ^ T T , .Or /G^r A dz? 

v 7 ^J,Jcfl,2,...,nl J ' J 1 J 



for C°°-functions a/.j, where Jj/ = tl </ = k and 

cfzj := dz ix A cfz i2 A • • • A dz^ 

when / = {ix, i 2 , . . . , ik} with i\ < i 2 < ■ ■ ■ < ik- The u is called a Kahler (k, fc)-form 
if u is enclosed (duj = 0) and real (uJ = u), and if the matrix (ai t j) is positive-definite 
everywhere in M. Note that this is just the usual definition of Kahler forms in case k — 1. 
The following is easily shown: 
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Lemma A. 3. 

(1) If i] is a (usual) Kdhler form ((1, l)-form), then i] k = 77 A • • • A rj is a Kdhler 
(k, k)-form for 1 < k < n. 

(2) Let uj be a Kdhler (k, k)-form. Ifuj' is a Kdhler (n—k, n — k)-form, then j M uAu' > 
0. If T is a d- closed positive (n — k,n — k)- current, then / M w AT> 0. 

Inside of the real vector space H M (M,R) := H fc ' fc (M) n H 2/c (M,R), the set P k (M) of 
the classes [u] of Kahler (k, fc)-forms uj on M is a strictly convex open cone. It is called 
the Kdhler cone of degree k. Its closure in H fc ' fe (M,R) is denoted by P k (M). 

Lemma A. 4. (1) f M £ U [uj] > for any £ G P k (M) \ {0} and for any Kdhler (n — 
k,n — k)-form uj. 

(2) If 6 G P 1 {M) and ifO-[T] G P 1 {M) for a d-closed positive (1, \)-current T, then 
for any 1 < I < n, there exists an element z G P l ^ 1 (M) such that 9 l — z U [T] G 
P l (M) and zU[T] is represented by a d-closed positive (I, I) -current. In particular, 
f M f U 6 n ~ k > for any £ G P k (M) \ {0}. 

Proof. Let (x, y) denote J M xUy for x G H fe ' fc (M, E) and y G H n ~ fe ' n ~ fc (M, R). Then 
E n - k ' n ~ k (M, R) is dual to H fc ' fe (M, R) by (*, *). Since P n ~ k (M) generates H n " fc ' n - fe (M, R) 
as the vector space, we can find a Kahler (n — k,n — fc)-form ujq such that (£, [a?o]) 7^ 0. 
By Lemma [A. 3[ we have (£, [cl> ]) > 0. There is a positive constant C such that Cc<j — uj 
is also a Kahler (k, fc)-form, since M is compact. Thus, by Lemma [A. 31 

(£, M) > c-^e, M)>o. 

We set a = 6 - [T] G P l (M). Then, we have 6 l = a 1 + z U [T], where z = 1 G 
H°(M,R) when / = 1 and 

(A-l) * = E!:> 1 U a'" 1 " 4 

when Z > 2. Thus, z G P' _1 (M) and z U [T] is represented by a positive current. In 
particular, (f , # n ~ fe ) > (f , a n ~ fc ) > by Lemma ID and ©. □ 

The following is a property of Kahler (1, l)-forms. 

Lemma A. 5. Let if): M — > X be a generically finite morphism into another compact 
Kdhler manifold X . If 7] is a Kdhler form on X, then [i/)*rj\ — [T] G P 1 (M) for a d-closed 
real positive (1, 1) -current T on M. 

Proof. Let M — > V — > X be the Stein factorization of if>. By Hironaka's blowing up, 
we have a projective bimeromorphic morphism v : Z —>■ V from another compact Kahler 
manifold Z such that /i: Z — > >M is holomorphic. Here, Oz(—E) is z/-ample for 
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a ^-exceptional effective divisor E. Then Oz(—E) is also relatively ample over X, and 
\pi*ip*rf\ — e[E] is represented by a Kahler form on Z for some e > (cf. [T5I Lemma 4.4], 
[T7] Lemma 2]). Thus 

for a Kahler form £ on M. Hence, V^M — [£] is represented by a enclosed real positive 
(1, l)-current on M. □ 

A. 2. Dynamical degrees. Let /: M — > M be a surjective endomorphism of a compact 
Kahler manifold M of dimension n. Then / induces natural homomorphisms 

/* : tf(M, Z) -> H*(M, Z) and /* : H,(M, Z) -> H^M, Z) 

for < i < In. The composite 

ff(M, Z) A H' (M, Z) ~ H 2n _ i (M, Z) ^ H 2n _ i (M, Z) ~ ff(M, Z) 

is just the multiplication map by deg /, where the isomorphism above is induced from the 
Poincare duality. Thus /*: FT(M, R) — > H*(M, R) is isomorphic. Moreover, /* preserves 
the Hodge structure, i.e., /*H P ' 9 (M) = ~R p ' q (M). Note that / is a finite morphism, since 
/*: E 1 ' 1 (M,R) -> H^^MjR) is an isomorphism. 

Definition A. 6 (Dynamical degree). Let r\ be a Kahler form on M. For an integer 
1 < / < n, we set 

where 7f denotes the i-th power r\ A • • • A r\ for 1 < % < n, and 77 := 1. The Z-th dynamical 
degree of / is defined to be 

d t (J) := lim^ (*,(/«", I7)) 1/m . 

Note that do(/) = 1 and cZ n (/) = deg / by the definition. 

Lemma A. 7. Let x be an element of P X (M) and y an element of P k (M) such that 
x — [Ti] G P l (M) and y — [T^\ G P k (M) for certain d-closed real positive currents T\ of 
type (1, 1) and T k of type (k, k) for 1 < k < n. Then 

d n ^ k {f) = linwoo (Jjf m nx n - k ) U . 

Proof. There exist cZ-closed positive currents Si of type (1, 1) and Sk of type (k, k), and 
a constant a > such that ax — [77] = [Si] and ay — [i] k } = [5*]. We set / := n — k. 
Then - [??]' = z U [Si] for an element z G P l ~ 1 (M) by Lemma EH P). Thus 
f*(a l x l — [77]') = f*z U /*[Si] is represented by a enclosed positive (Z, Z)-current, since 
f*[Si] = [f*Si] for the positive (1, l)-current f*Si. Therefore, 

f(aV) U (ay) - f*[n} 1 U [n] k = f*z U f*[Si] U (ay) + /•fo] 1 U [S k ] 
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is represented by a positive (n, n)-current. Hence, for any m > 1, 

(A-2) a l+1 f (f m )*(x l ) U y > [ (f m )*n l A^ = ^f™ , r?). 

Conversely, there exists a constant 6 > such that b[rj\ — x G P 1 (M) and — y G 
P fe (M). Then fe^'-ar' G P\M) (cf. (jA^Ijl ) and hence /*(6 i M'-ar I ) G P'(M). Therefore 

f*(b l+1 [ V ] 1 ) U [# - U y G P^M). 

Thus, for any m > 1, we have 

(A-3) & m M/"\ »7) = / (/"TV Av k > f CT) V) U y. 

JM JM 

Hence, we have the expected equality by applying m — > oo to the m-th roots of the both 
sides of the inequalities ( 1A-2I) and ( 1 A-3 II □ 

Lemma A. 8. Suppose that there exist a generically finite surjective morphism \x: M — > 
X mto another compact Kahler manifold X and an endomorphism g : X — > X satisfying 
(io f = go/j,. Then d t (f) = di(g) for any I. 

Proof. Let £ be a Kahler form on X. By Lemma IA.5I — rj] is represented by a en- 

closed real positive (1, l)-current on M for a certain positive constant a. Then [a l fi*£ l —7] 1 ] 
is represented by a d-closed real positive (I, /)-current by Lemma [A. 41 ([2]). Thus, by 
Lemma IA.7I 

\ l/m 

a , ,* t-n—l 



d l (f) = iinw.ee (/ (rr^rtA^ 

lim_ f (deg/i) (<m< A = □ 



Lemma A. 9 (cf. [13], [26J). TTie fc-i/i dynamical degree dk{f) equals the spectral radius 
of the following endomorphism induced from /*: 

(/*)(*.*). H fc ' fc (M,M) ^H fc ' fc (M,M). 

Proof. For a Kahler form 77, [77*] G H fe ' fc (M, M) is contained in P k (M). We define a linear 
form x: H fc ' fc (M,M) -> R by = Jjfi U [r/ n " fc ]. Then 77) = We have 

X > on P fe (M) \ {0} by Lemma El Moreover, (f*)^ k )p k (M) C P fc (M). Therefore, 
by Proposition IA.2| 

= lim m _ ooX ([( / -)V]) 1 /- = lim^^Cr,^) 1 /- = □ 

Pact A.10. We have < ^(/) 2 for any 1 < / < n (cf. [251 Proposition 1.2]). 

In particular, d n (f) = deg f < d 1 (f) n . 
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For an element x G H ' (M, R) and for I < n — k, we set 

Then ^(/, 77; [i] k ]) = 8i(f,T]). Let C > be a constant such that C[?7*] - x G P k (M). 
Then, C5i(f,r)) > Si(f,r];x) for any /: M — > M. Hence, we have 

(A-4) > IEti,™ (<S,(/"\ 77; ^)) Vm • 

Proposition A. 11. Let F be a compact Kahler manifold of dimension k and let 0: F — > 

M be a generically finite morphism such that <fi o h = f o <f> for a surjective endomorphism 
h: F —>■ F. Then for any 1 < I < k, one has 

di(f) > d t (h) and d I+n _ fc (/) > deg(/) deg(h)- 1 d t (h) . 

Proof. Let Gf. H 2i (F,C) -> H 2(n - fc+i) (M, C) be the Gysin homomorphism 

H 2t (F, C) ~ H 2fe _ 2i (F, C) ^ H 2fc _ 2i (M, C) ~ H 2 "- 2fc+2l (M, C) 

for < % < k, where the isomorphisms in both sides are induced from the Poincare 
duality. Note that GiW' q (F) C H p+n ~ fc ' 9+n ~ fc (M). We have the "projection formula" 
G p+q {x U <f>*(y)) = G p {x) U y for any x G H P (F,C) and y G H 9 (M,C). The element 
G (l) G H 2(n ~ fc) (M,M) is just the cohomology class cl(0*F) of the cycle 0*F = deg(F -> 
(f)(F))(f)(F). Thus, 

/ (/i m )*(0V) A 0V"' = / <j)*{{f m )*rf) A ^>*77 fc - z = / [(/ m )*V) A tj*" 1 ] U cl(0*F) 

JF JM 

for any Kahler form rj and for any m > 1. Since is generically finite, [4>*f]] — [T] G P 1 {F) 
for a enclosed real positive (1, l)-current T by Lemma [A. 51 Thus, we have 

(A-5) dt(h) = lim^ [J M [(f m Tv l ) A V k ~ 1 } U cl(0,F)j 

= linw^o (^(/ m ,r/; cl(0*F))) 1/m < 
by (j2D of Lemma IA.41 Lemma LA. 71 and ( j A— 41) . From ^ t o /i, = /, o we have 

(deg/i)" 1 ^ o = (deg/) - ^/*)^-* 4 *-"-*^ o Cj 

for any z, since (deg is the inverse of 

H 2 *(F, C) ~ H 2fc „ 2l (F, C) ±> H 2fc _ 2i (F, C) ~ H 2l (F, C) 
and (deg/) -1 /* is the inverse of 

H 2(n- fc+J ) (M;C) „ H 2fc _ 2i (M,C) A, H 2fe _ 2 ,(M,C) ~ H 2 ("" fc+l )(M,C). 
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We can find an eigenvector w of (h*Y 1 ' 1 ' with the eigenvalue di(h) from the cone P l (F) 
by TheoremlAH Thus, f*G t (w) = deg(/) deg(/i)- 1 ^(/i)G;(w). We have 



GAw) U [r]] k - 1 = / w U Wrf- 1 > 
m Jf 



for the Kahler form rj above by the projection formula for Gi and by Lemma [A.4I Thus, 
Gi(w) 7^ and deg(/) deg(/i) _1 (ii(/i) is an eigenvalue of (j*)(™- S; +'> n - fe +0, Therefore, 
dn-k+iU) >deg(/)deg(/ i )- 1 ^(/i). □ 

Now, we are ready to prove the first assertion of Theorem D. 

Proof of §T§ of Theorem D. We set d = dimY > 0. We have di(f) > di(f\p) by Propo- 
sition [ATH If dt{f) < 1, then deg / = d x (f) = di(/| F ) = 1 by Fact \KM Thus, 
we may assume that di(f) > 1. Let u G P l (X) C H 1,1 (X, M) be an eigenvector of /* 
with the eigenvalue di(f). If t>|_p G H 1 ' 1 (F, M) is not zero, then di(f) < di(f\p); hence 
^i(/) = di(f\p) by Proposition IA. Ill Thus, it is enough to prove v\p ^ 0. 

There is a bimeromorphic morphism v : S — > Y from a compact Kahler manifold S by 
[53] . Let M — > X Xy S be a. proper morphism from a compact Kahler manifold M, giving 
rise to a bimeromorphic morphism to the main component of X x Y S, i.e., the unique 
component dominating S. Let fi: M — > X be the induced bimeromorphic morphism and 
let cc7: M — > S be the induced fiber space. We may replace F with a general fiber of 
7r, since depends only on the cohomology class cl(F) G H d ' d (X, E) (cf. ( 1A-5I) ). 

Hence we may assume that v is an isomorphism over a neighborhood of tt(F) and that [i 

is an isomorphism along Let fu — A* -1 -W > M be the meromorphic 

endomorphism and let p: Z — * M be a bimeromorphic morphism from another compact 
Kahler manifold Z such that g := fu ° <fi'- Z 
endomorphism of H V (M, R) for < % < n = dimX defined as 



M is holomorphic. Let (/m)^'^ be an 



H M (Z,M) ^ H M (M,: 



Since o {p* = id, we have a commutative diagram 



H M (X, 



H M (M, 



/* 



(/m) (m) 



h m (x, 



H M (M, 



Thus, jj*v G P 1 (M) is also an eigenvector of (/^f^ 1 ' 1 ^ with the eigenvalue d\(f). We 



have also f* M ow* = w* from w o f M = w. For any a G H 1 ' 1 ^, R), (3 G H 1 ' 1 ^. 



and 
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£ G H M (M,E), we have the equalities 

(A-6) (/mP W) (£ U //a) = (/£)<*> (0 U //fa, 

by applying the projection formula to 
^(j^U/i*a)) = ^(ff^U¥'Vra) ) and <p*(g*($ U tu*/3)) = ^(<?*£ U ^*iu*/3). 



Assuming u |jr = 0, we shall derive a contradiction by an argument similar to [5jJ Section 
2.1, Remark (11)]. We set x := and y := w*(3 G H 1>:L (M,M) for a G P 1 ^) and 
/3 G P 1 ^). Then y d = cd{jT x F) G H d>d (M,R) for some c> 0. Thus, fz*v U y d = 0. Let 
1 < s < d be the minimum integer such that [i*v U y s = 0. By [T21 Corollaire 3.5], there 
is a constant b such that 

(6//*u + y) U y^ 1 U U ••• U a n _ s _i) = G H^^^^M, R) 

for any «j G H^^R), where n = dimX. Taking by (lA~6l) . we have 

(bd 1 (f) l J,*v + y) U y 3 - 1 U U • • ■ U /*a n _ a _i) = 0. 

In particular, 

(fyx*u + y) U y^ 1 U x n ~ s = (6di(/)^*u + y) U y*" 1 U x n " s = 0. 

If 6 = 0, then y s U x n " s = contradicting Lemmas IA.4I and IA.51 since y s ^ 0. Therefore, 
b ^ and fi*v U y s_1 U x n ~ s = 0. Then U y s_1 = by Lemmas IA.4I and IA.51 
This contradicts the minimality of s. Thus, we have completed the proof of (pQ) of 
Theorem D. □ 

A. 3. Topological entropies. Let /: M — > M be a surjective endomorphism of a com- 
pact Kahler manifold M. We consider the properties of topological entropy h top (f) of /. 
Instead of giving the definition of h top , we use the following: 

Fact A. 12 (Gromov [21], Yomdin [56] (cf. [16])) ■ For the topological entropy h top (f) of 
/, one has 

h top (f) = maXiWogW) = logp(H*(M,C),r). 
As a consequence of Proposition IA.111 we have: 
Corollary A. 13. In the situation of Proposition IA. 1 lj 

hto P (f) > log (deg(/) deg(h)- 1 ) + h top (h) > h top (h). 
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Notation A. 14. Let (p: V — > V be an endomorphism of a finite-dimensional C- vector 
space V. We denote by A( V, (p) the set of eigenvalues of <p. For A G C, we set 

V X = V^ :=U z>i Ker(Aid y -^)'. 

Remark. If A G A(V, <p), then V\ is a generalized eigenspace. We have the decomposition 
V = (B\eA(v.ip) ^a,v> which is functorial in the following sense: Let h: V\ — > V% be a C- 
linear map of finite-dimensional C- vector spaces. Let (pi : Vi — > Vi be an endomorphism 
for i — 1, 2 such that h o ip 1 = ip 2 o h. Then h = @h\ for ^ : (^i)a, Vi — ► (V^x,^- 

Lemma A. 15. Let K 6e a reduced compact complex analytic space and //: X — > y a 
proper surjective morphism from another reduced compact complex analytic space X such 
that the restriction /i _1 (i7) — ► C/ of ^ is a smooth Kahler morphism for a dense Zariski- 
open subset U G Y. Let g: Y — > K and f : X —>■ X be surjective endomorphisms such 
that n o f = g o n and g^ 1 ^) = U. Let gs'- B — > 5 and f^: A ^ A be the induced 
endomorphisms for the complement B = Y \U and A = ^ 1 (B), respectively. Then one 
has the following inclusion for any p > 0: 

A(H* (y, C),g*) C A(rP (X, C), /*) U A(W(B, C), «&) U A(H^ 1 (A ) C), /I). 
Proof. We have a commutative diagram 

• •• K(u,%) ► ff(y,z) ► ff(5,z) ► ■■• 

Hi 

H^/i-^C/)^) > rP(X,Z) ► H*(i4,Z) 



of exact sequences, which are compatible with the actions of g* and /*. Since ji 1 {U) — > U 
is a smooth Kahler morphism, we have a quasi-isomorphism 



lfi*C x \u ~qis ®R>»Ci 



(4 



in the derived category on U, by the hard Lefschetz theorem on fibers and by [TT]. In 
particular, the homomorphism fi* : H*(Z7, C) — > H*(// _1 ([/), C) is injective for any i For 
a complex number A, if H p (y,C) A , 9 * ^ and if IP(S,C)a^» = H P (X,C) A ,/. = 0, then 
H P_1 (A, C)a./^ 7^ by the commutative diagram above. Thus, the assertion follows. □ 

Corollary A. 16. Let Y be a reduced compact complex analytic space with a surjective 
endomorphism g: Y —>■ Y . Then there exist a finite set {Zi}^ =1 of closed subvarieties and 
a positive integer k such that Y = [j Z i; (g k )~ l (Zi) = Z^ for any 1 < i < N, and that the 
following inclusion holds for any p > 0: 

A(W(Y,C),(g k )*) c Uf =1 ll =0 A(ff(^,C),(/UJ*). 
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Proof. Let {Yj} be the set of the irreducible components of Y and let r: X := |J^ — * 

Y be the natural morphism. Let B C Y be the minimum closed subset such that 
X \ t~ 1 B — ► K \ is an isomorphism. By replacing g with a power we may assume 
that g~ l Yi = Yi for any i. Then, an endomorphism /: X — > X with t o / = g o r is 
induced, where g~ l (B) = B by the minimality of -B and / _1 (t _1 (.B)) = t^ 1 {B). Applying 
Lemma [A. 151 to X —*Y, f, g, B, and r _1 (i?), we have the following inclusion for any p: 

A(W(Y, C),g*) C A(W(B, C), <f) U (J (A(H P (Y, C),g*) U A^" 1 ^ n 5, C), g*)) . 

Applying the same argument to B and Y{ H -B, and continuing, we have the assertion. □ 

Proposition A. 17. Let Y be a reduced compact complex analytic space and let 0: M — > 

Y be a proper surjective morphism from a finite disjoint union M of compact Kahler 
manifolds M a such that (ft(M a ) is an irreducible component of Y . Let g:Y—*Y and 
f ': M — » M be etale surjective endomorphisms such that<po f — go<f>. If f~ l (M a ) = M a 
for any a, then, for the induced endomorphisms /|m„ : M a —>■ M a , one has 

p(R*(YX),9*) <max Q p(H*(M Q ,C),(/| M J*) = max a ,^(/UJ- 

Proof. We shall prove by induction on dimM = max{dimM a }. If dimM = 0, then the 
assertion holds by a trivial reason. Assume that the assertion holds when the dimension 
is less than dimM. If the inequality of the spectral radius holds for a power g , then it 
holds also for g; in fact, p(H p (F, C), (g 1 )*) = p(H p (F, C), (g)*) 1 . Thus, we may replace g 
with any power g l . Let U C Y be the maximal Zariski open subset such that (j)~ l (U) — > U 
is smooth. For the complement B — Y \ U and A = <p~ 1 (B), we have g~ x (B) = B and 
f~ x (A) = A by the maximality of U and by the etaleness of g and /. Thus, we can apply 
Lemma IA. 151 and obtain 

p(H*(Y, C), <?*) < max{p(H*(M, C), /*), p(H*(£, C), (/| fl )*), p(H*(A C), 

Let A = \J A/3 be the irreducible decomposition. Replacing g with its power, we may 
assume that f~ l (Ap) = Ap for any (3. Let Zp — > be an equivariant resolution of 
singularities of with respect to the etale endomorphism f\A p - Let Z be the disjoint 
union U Zp and let h: Z — > Z be the induced etale endomorphism, i.e., ip o h = f\& o ^ 
for the induced morphism ^: Z — > A. Then (Z — > A — > 5, h,g\s) and (Z — > A, /i, /|^) 
satisfy the same condition of Proposition IA.17I as (M — > Y, /, g). By induction, we have 

max{p(H*(£, C), (g\ B )*), p(E*(A, C), (f\ A )*)} < max^ p(H*(Z^, C), (h\z )*) 

after replacing g with a power On the other hand, 

p(E*(Zp, C), (/i|Z^)*) = exp(h top (h\ Z0 )) < exp(/ itop (/| M J) = p(H*(M Q , C), (/|M a )*) 
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for Ap C M a , by Proposition IA. 1 D Hence, 

p(R*(Y,C),g*) <max a p(H*(M Q ,C),(/|M Q )*). □ 

Lemma A. 18. Let n : X — > Y be a smooth fiber space of complex manifolds and f:X—> 
X a surjective endomorphism such that n o / = n. Let F be a fiber of n. Then, for any 
p > 0, one has an inclusion 

A(Rl(X,C),r) C U" =0 A(H g (F,C),(/| F )*). 

Proof. We have an endomorphism /* of the complex R7r*Cx in the derived category of 
sheaves of abelian groups on Y such that the induced endomorphism of Rr c (Y, R7r*Cx) 
coincides with that of RT C (X, C). In particular, the Leray spectral sequence 

E p 2 ' q = R P (Y, R q irXx) => E p+q = R p+q (X, C) 

admits the endomorphisms /* : E P,q — > E p,q compatible with /* on E p+q . For a complex 
number A, let (R* tt*Cx)\ be the union of the kernels of 

(/* - Aid)': K nXx -> R l vr,C x 

for all / > (cf. Notation EE]). Then, 

(E P ' q ) x ^R p (Y,(R q nXx)x) 
for any p, q, and A. Since E P,q =>■ E p+q is decomposed into (E P,q )\ =3- (E p+q )\, we have 

A(R p (X,C),r) C U" =0 {^ e C I (R q nXx)x * 0} = U" =0 A(H 9 (F, C), (f\ F y). □ 
We are ready to prove the second assertion of Theorem D. 

Proof of (J2J) of Theorem D. We may replace / with a power f k since h t0 p{f k ) = kh top (f) 
and h top (f k \ F ) = kh top (f\ F ). 

Step 1. The first reduction: Let v: Y' — > Y be a bimeromorphic morphism from a 
compact Kahler manifold Y' . Then / induces an etale endomorphism fx Y Y': Xx Y Y' —>■ 
X Xy V. Let X' be the main component of X x Y Y'. Thus, there exists an equivariant 
resolution of singularities X — > X' with respect to the etale endomorphism. We may 
assume X to be Kahler since X — > X' can be chosen as a projective morphism. Let / 
be the induced etale endomorphism of X. Then di(f) = di(f) by Lemma [A. 8 1 Thus, we 
may assume that Y is also a compact Kahler manifold and tt : X — * Y is smooth over the 
complement Y\D for a divisor flcy. 

^tep 2: A setting of the proof. Let a: S — > Y be a flattening of tt, i.e., the main 
component of X Xy 5 is flat over S (cf. [29]). Here, we may assume that a~ 1 D is also a 
normal crossing divisor. Let M X x Y S be & bimeromorphic morphism from a compact 
Kahler manifold M which is given as an equivariant resolution of singularities of the main 
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component with respect to the induced etale endomorphism / Xy ids : X x Y S — > X x Y S . 
Let fi : M — > X be the induced bimeromorphic morphism, w : M — > 5 the induced fiber 
space, and g: M — > M the induced etale endomorphism, i.e., /iog = /o/i and wog = uj. 
We set P = 7r*(P) rc d- For the prime decomposition E = I]j =1 Pj, there is a positive 
integer k such that (f k )~ l Ej = Ej. Here, we may assume k = 1 by replacing / with 
hence f~ 1 (Ej) = Ej. Let Gj be the proper transform of Ej in M for any j. Then 
g^ 1 (Gj) = Gj. By a suitable choice of an equivariant embedded resolution of singularities, 
we may assume that all Gj are nonsingular. Then w(Gj) is a prime component of o~ x D 
for any j by the flattening. Let h j : — > Gj be the etale endomorphism <7|g-- In order 
to prove (j2J) of Theorem D, it is enough to show the following two inequalities: 

(A-7) h top (f) < max{/i top (/| F ), h top (hj) (1 < j < I)}. 

(A-8) h top (f\ F ) > h top (hj) for any 1 < j < I. 

Indeed, we have already the other inequality h top (f) > h top (f\F) in Corollary IA.131 The 
inequality ( 1A-7I) is shown in Step 3 below, while the other inequality ( 1A-8I) is shown in 
Step 4 by using induction on the dimension of X. 

Step 3. Proof of (1 A-71) : The natural long exact sequence 

► W C (X \ E, C) -> W{X, C) -> H P (E, C) -»• • • • 

admits an endomorphism /* induced from /. Thus, 

A(H*(X, C), /*) C A(H:(X \E,C), (f\x\ E y) U A(H*(£, C), (/U)*) 
C A(H*(F, C), (f\ F Y) U Uj A(H*(G„ C), h*) 

by Proposition IA.17I applied to |J Gj — > and Lemma IA. 181 applied toA r \£ l — >Y\D. 
Therefore, ( 1A-7I) follows. 



Step 4. Proof of (IA-81) : By induction, we may assume that ([2]) of Theorem D holds for 
lower dimensional ambiant spaces. Let P be a general point of w(Gj). We may assume 
that P is a nonsingular point of a~ 1 D, vj is flat over an open neighborhood of P, and 
Gj — > w{Gj) is smooth over an open neighborhood of P. Let Gj — > Sj be the fiber space 
obtained as the Stein factorization of Gj — > w(Gj). Let V be the fiber of Gj — > Sj over 
a point of Sj lying over P. By induction, we may apply ([2]) of Theorem D to the fiber 
space Gj — ► Sj and the etale endomorphism g\G r Thus, h top (hj) = h top (g\r)- Let cl(r) 
and cl(ci7 _1 (P)) be the cohomology classes in H d,d (M, M) corresponding to the subspaces 
T and cc7 _1 (P), respectively, where d = dimS = dimF. Then cl(ro -1 (P)) — cl(r) is 
represented by a positive current. The class cl(tt7 _1 (P)) G ¥L d,d (M, M.) equals the class 
cl(P') corresponding to a smooth fiber F' of w. M — > S, since w is flat along w~ x [P\ 
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Thus, 

5 l ((g\ r r, V \ r ) = 5 l (g m , V ;d(r))<5 l (g m , V ;c\(w-\P))) 

= 5 l (g m , V ;d(F')) = 5 l ((g\ FI ) m , V \ FI ) 

for a Kahler form t], any < / < n — d, and any m > 1. In particular, h top (g\r) < 
^top(fl'lF')- We ma y assume that /i: M — > X is an isomorphism along F' and cr: 5 — > Y 
is an isomorphism at the point zu(F'). Therefore, h top (hj) = h top (g\r) < h t0 p(g\F') = 
^top(/|F)- Thus, we have completed the proof of ([2]) of Theorem D. □ 
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